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Electronic Raman scattering in thin bismuth films 
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Institute of Physics, Academy of Sciences of the Azerbaijan SSR, Narimanov Prospekti 
33, Baku 370143. USSR 
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Abstract. The theory of the electron Raman scattering (ERS) in a size-quantized film within 
the framework of the Abrikosov-Cohen model for the energy spectrum of Bi is developed. 
The wavefunctions and spectrum of electrons in the film are obtained. lt is shown that the 
zero boundary conditions must be imposed on the total wavefunction instead of on the 
envelope. The boundary conditions for the envelope have a complicated form and are similar 
to those found by Volkov and Pinsker. It is shown that unlike the standard model of the 
energy spectrum of carriers the scheme of an intraband ERS process with an intermediate 
state in thevalence band is realizedwithin the frameworkofthe Abrikosov-Cohenspectrum. 
On the basisofthescheme described, the frequencydependenceofthe ERsdifferentialcross 
section is calculated. The cross section has a non-zero value for any An (An is the change 
in the electron quantum number due to the ERS process) at arbitrary orientation of the 
polarization vectors of incident and scattered radiation with respect to the film surface. 

1. Introduction 

Investigation of the electron Raman scattering (ERS) in quasi-two-dimensional systems 
at present is of great interest. The ERS in semiconducting InSb and PbTe films [l, 21 as 
well as in GaAs/AI,Ga,_,As heterostructures [3] have been studied previously. Thin Bi 
films have been shown to be the best material for the ERS realization on the size 
quantization levels. Owing to the small values of the electron effective mass and the 
Fermi energy EF and the large value of mean free path and other physical properties the 
quantum size effects were for the first time found in thin Bi films [4]. The electronic 
spectrum of Bi is characterized by large anisotropy and non-parabolicity. There are 
several models to describe the complicated energy spectrum of Bi. The Abrikosov- 
Cohen [5,6] model is adequate for the real spectrum of Bi and at the same time it is 
convenient for theoretical calculations. The aim of the present paper is to develop the 
theory of ERS in thin Bi films within the framework of the Abrikosov-Cohen model. 

This paper consists of four parts. In section 2 the wavefunctions and spectrum of 
electrons in a size-quantized Bi film are obtained. It is shown that the zero boundary 
conditions on the film surfaces for the envelopes of the wavefunction are not correct in 
general. In the caseof themany-band model such boundary conditions lead to envelopes 
not satisfying the initial equations. It is necessary to impose zero boundary conditions 
on the total wavefunction instead. 

In section 3 the possible schemes of the ERS process in the Bi film are considered. It 
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is shown that the ERS process takes place at arbitrary orientation of the polarization 
vectors of the incident and scattered radiations with respect to the film surface. 

In section 4 the scheme in which the initial n and final n' states of electronic system 
are in the conduction band but the intermediate state n" is in the valence band is studied 
in more detail. If n # n', this scheme is forbidden for the standard model of the energy 
spectrum of carriers. On the basis of the scheme described, the frequency dependence 
of the ERS differential cross section (DCS) iscalculated. 

The results of the present paper can be useful for analysis of the ERS experiments in 
thin Bi films. 

A T Gadzhiev er a1 

2. The electron wavefunctions and spectrum in a thin Bi film 

The electron wavefunctions and spectrum were derived from the stationary Schrodinger 
equation 

where fi is the free Hamiltonian and U(r) is a potential which localizes aparticle in the 
film. If U(r)  changes slightly within the elementary cell, the solution of equarion (2.1) 
can be tried in a form [7] 

{At U(r)}u*(r) = Et#(r) (2.1) 

q ( r )  = C ~ ~ ~ v ~ ( r )  (2.2) 

where rp,(r) is the Bloch function corresponding to the jth band extremum and F,(r) is 
the envelope function. If U(r)  = 0, the envelope has the form 

F,(r) = C,(k)exp(ik-r). (2.3) 
The Fermi surface of electrons in Bi consists of three valleys which are tilted at the 

angle 0 = B"23' with respect to the basal plane. These valleys transfer into each other 
under a rotation of 2 120" around the trigonal axis z .  We considered the case when the 
film plane is normal to z. We also neglected the small tilt angle 0. 

It was assumed that, within the film, U(r) is a constant (is equal to zero) but, at the 
surfaces of film, U(r)  - =. Within the framework of such an assumption the effective- 
mass approximation is valid. A periodicity in the film plane (the x-y plane) remains. 
Therefore the solution of the Schrodinger equation can be attempted in the form of 
plane waves, but along the I axis the periodicity is broken. In thisdirection the solution 
must be attempted in a general form. A concrete form of the solution is governed by the 
boundary conditions on the film surface. 

By analogy with (2.3) we choose the envelope in a form 

Fj(r) =f,(z)exp(ikL .P I .  (2.4) 
Here k ,  andp are the wavevector and position vector in the film plane andf,(z) are the 
unknown functions. The solution of equation (2.1) was obtained using the effective 
Hamiltonian of the Abrikosov-Cohen model: 

\ . * .a  t . p  0 
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Here Egis an energy gap at the L point of the Brillouin zone; kodescribes the interaction 
between the valence band and the other bands with the exception of the conduction 
band; k ,  describes the interaction between the conduction band and the other bands 
with the exception of the valence band; f and U are the matrix elements of velocity. In 
the Abrikosov-Cohenmodel the dependenceofenergy upon the wavevector component 
along they axis (the direction of the isoenergetic surface elongation) is determined by 
Koandk,mainly. Suchan assumptionallowsone toexplain thelargedifference between 
the values of the electron effective-mass components in Bi: mx,z 5 W 2 m o  and my = ma 
(ma is the mass of a free electron). 

We choose the wavefunction (for one valley) in the column form 

(2.6) 

which is the equivalent of (2.2) for the casej = 0 if (2.4) is taken into account. 
Using equations (2.5) and (2.6) a set of four linear homogeneous differential 

equations can be obtained from (2.1). The substitution of these differential equations 
into each other leads to 

K * f j ( Z )  + v2f , (Z)  = 0 (2.7) 

(2.8) 
In (2.8) the following notation is used: KO = - (hkY)’/2m;; K 1  = (hky)’/2mY; VZ, = 
u:u, + t: t , .  

where 

K 2  = [ ( K O  - E ,  - E ) ( K ,  - E )  - (hkxv,)2]/(hv,)2. 

A general solution of equation (2.7) is 

f i ( z )  = Ai COS(KZ) + Bi sin(&?). (2.9) 
The coefficients Ai and B, and the eigenvalues of K are determined from the boundary 
conditions. If the film potential is approximated by a square well with infinite walls, it is 
assumed usually that the envelopes (2.9) vanish at the surfaces of the film, that is 

fj(z0) = 0 (2.10) 

f i ( z )  = Bi sin(nnz/d) n = l , 2 , 3  , . . . .  (2.11) 

where zo has two values: zo  = 0 and zo = d (d is the film thickness). The envelopes 
satisfying (2.10) are the partial solutions of equation (2.7) and have the form 

Inthecaseoftheparabolicbandmodel thetotalwavefunctionalsovanishesat thefilm 
surfacesunder condition (2.10). However, if the non-parabolicity of the wavefunctionis 
taken into account, the condition (2.10) does not coincide with the condition 

V(P3 20) = 0. (2.12) 

It may be shown that our initial set of differential equations is not satisfied by (2.11). 
This is because it is impossible to construct allf;(z) simultaneously in the form of partial 
solutions. The functionsh(r) are related to each other via the initial set of equations. 

Thusaconclusioncan bemade that it isnecessary toimpose zero boundary conditions 
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on the total wavefunction. It may be shown that (2.12) leads to the following boundary 
condition for the envelopes: 

(2.13) 

Condition (2.13) coincides formally with those obtained in [ S I .  In [SI ,  R is a constant 
which yields information about the surface properties of the crystal. In our case there is 
a relation between R,(zo) and the values of the Bloch functions k e d  on the film surfaces. 
So R,(zo) in (2.13) can be treated as the characteristics of the film surface in terms of 
such a relation. 

Substitutingequation (2.9) intoequation (2.13) wederive aset oftwoequations(one 
of these equations is algebraic but the other is transcendental). This set has a solution if 
the following condition is valid: 

(2.14) 

Let  us assume that the number of elementary cells along the film thickness is an 
integer, i.e. d = Nu, ( N  is an integer and no is a lattice constant). Taking into account 
the periodicity of the Bloch functions, we may show that Ri(0) = R,(d). By virtue of this 
equality equation (2.14) takes the quasi-classical form 

K = s n / d  n = 1 , 2 , 3  , . . . .  (2.15) 

It follows from (2 .8)  and (2.15) that the electron spectrum in a thin Bi film has the form 
(2.16) 

I t  may beshown that theconduction andvalence bandsin a thin Bi filmaredescribed 
by the following wavefunctions: 
Ivun) = TvmC,, exp(ik, . p ) [ A , ,  cos(mr/d) + i(hnn/d)B,, sin(nnz/d)]. (2.17) 

Here v = c, v is the band index and U = 1 , 2  is the spin index. The other notation has a 
cumbersome form and isgiven in the appendix. 

A T Gadzhieu et a1 

[ 1  + R j ( z a ) V ~ l f , ( ~ o )  = 0. 

W.4 = I[R,(O) - R, (d ) l / [ l  + K2R,(0)Rj(d) lb .  

(K,) - E ,  - E ) ( K ,  - E )  = ( f ~ k , V , ) ~  + (hnV,n/d)2.  

3. The ERS processes in thin Bi film 

Calculating the ERS DCS we made use of the definition of the DCS from [9]. The expression 
for the DCS in a sue-quantized film is as follows: 

Here (eo, U,) and (e,, wI) are the polarization vectors and frequencies of the incident 
and scattered radiation, respectively; w = W O  - W ,  is a frequency shift; (a, U),  (a ' ,  U ' )  

and (n", U") are the quantum and spin numbers of the initial, final and intermediate 
states, respectively. The other notation has the usual meanings. 



ERS in thin Bifilms 4681 

Figurel. Illustrationofthe intrabandmsprocess 
with the intermediate state in the conduction 
band. 

Fwre 2. Illustration of the intrabandERs process 
with the intermediate state in the valence band. 

We established from calculations of (3.2) on the basis of the wavefunctions (2.17) 
that the processes of ERS given in sections 3.1-3.4 are possible. 

3.1. The intraband msprocess with the intermediate state in the conduction band 

Figure 1 illustrates this process in the situation when two subbands are filled. There are 
two process schemes. According to the first scheme (scheme a), only one electron takes 
part in the process. According to the second scheme (scheme b), two electrons take part 
in the process. If we restrict ourselvesonly to optical transitions between four subbands, 
the process occurs in the following way. 

In scheme a, the electron absorbs the photon with frequency oo and is lifted from 
then = 1 subband up to then = 4 subband (if the subbands have numbers n of the same 
parity, the matrix elements of the intraband optical transitions are equal to zero [lo]). 
Then the electron emits a photon with frequency 0, and drops to the n = 3 subband. 
The scheme described corresponds to a real direct transition from the initial state n = 1 
to a final state n’ = 3. 

In scheme b, the electron from the n = 1 subband absorbs a photon and is lifted to 
then = 4 subband. Then the other electron from the n = 2 subband emits a photon 
and immediately occupies a vacant state in the n = 1 subband. The scheme described 
corresponds to a real transition from the initial state n = 2 to a final state n’ = 4. 

As one can see from both schemes, the values of An = n’ - n are even. We must 
note that the process takes place at the arbitrary orientation of eo and el with respect to 
the film surface. This is the main difference from the results of [l]. 

3.2. The intraband ~ ~ s p r o c ~ s  with the intermediatestate in the valence band 

Figure 2 illustrates this process in the situation when one subband is filled. Here we 
restrict ourselves for simplicity to the transitions between six subbands (three subbands 
of the valence band and three subbands of the conduction band). We must note that 
only matrix elements of the interband optical transitions with n, = n, and n, + n, = 
2N + 1 (Nisinteger) arenotequa1tozero.Therefore threeprocessschemesarepossible. 
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In scheme a, the electron from the state n, = 1 in the valence band is lifted to the 
state n, = 2 in the conduction band. Then the other electron from the state n, = 1 in the 
conduction band drops and occupies the vacant state n, = 1 in the valence band. The 
scheme described corresponds to a real transition from the initial state n, = 1 to the final 
state n: = 2. 

In scheme b, the first electron is lifted from the state n, = 2 up to the state n, = 2. 
Then the second electron drops from the state n, = 1 to the vacant state n, = 2. The 
scheme described also corresponds to the real transition from the initial state n, = 1 to 
the final state nf = 2. 

In scheme c, the electron from the state n, = 2 is lifted up to the state n, = 3. The 
otherelectronfromthestaten, = I fallstothevacantstaten, = 2.Theschemedescribed 
corresponds to a real transition from the initial state n, = 1 to the final state n; = 3. 

The difference Anc = n: - n,  is odd according to the first scheme a and the second 
scheme b and is even according to the third scheme c. In all schemes the transitions occur 
at arbitrary orientation of e, and e ,  with respect to the film surface. 

We must note that the intraband ERS process with the intermediate state in the 
valence band is not realized within the framework of the standard model for the energy 
spectrumofcarriers. Thisisassociated with the fact that only interbandoptical transitions 
with the selection rule n, = n,are allowed in the standard model. 

3.3. The inferband ERS process wifh fhe intermediate sfafe in fhe conduction band 

Figure 3 illustrates this process in the situation when one subband is filled. If we restrict 
ourselves to the transitions between four subbands (two subbands of the valence band 
and two subbandsof the conduction band), the process occurs in the following ways. 

In scheme a, the electron from the state n, = 2 in the valence band is lifted to the 
state n, = 2 in the conduction band and then falls to the vacant state in the n, = 1 
subband. The scheme described corresponds to a real transition from the initial state 
n, = 2 to the final state n: = 1. 

In scheme b, the electron from the state n, = 1 is lifted to the state n, = 2 and then 
falls to the vacant state in the subband n, = 1. The scheme described corresponds to a 
real transition from the initial state n, = 1 to the final state n: = 1. H:f 1 

2 

Figure3. Illustrationofthe interband~Rsprocess 
with the intermediate state in the conduction 
band. 

Flgure4. Illustration of the interband ERS process 
with the intermediate state in the valence band. 
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3.4. The interband ERSprOCeSS with the intermediate state in the valence band 
Two electrons take part in the process (figure 4). Two schemes are possible. 

In scheme a, the first electron from the state n, = 2 is lifted to the state n, = 2. The 
second electron from the state n, = 1 falls to the vacant state in then, = 2 subband. The 
scheme described corresponds to the real transition from the initial state n, = 1 to the 
final state n; = 2. 

In scheme b, the electron from the state n, = 2 is lifted to the vacant state in then, = 
1 subband. The other electron from n, = 1 occupies the vacant state in the n, = 2 
subband. The scheme described corresponds to a real transition from the initial state 
n, = 1 to the final state n: = 1. 

As mentioned above, only the interband optical transitions with the selection rule 
n, = n,areallowedin the frameworkofthestandardmodelof spectrum.Therefore both 
schemes b of the interband ERS process (with the intermediate state in the conduction 
band and with the intermediate state in the valence band) is not realized in the standard 
model. Another difference between our results and the results of [2, 31 is that within the 
framework of the Abrikosov-Cohen model the interband ERS processes take place at 
arbitrary orientation of eo and el with respect to the film surface. 

4. DCS of the intraband ERS with the intermediate state in valence band 

In this section the ERS process with the intermediate state in the valence band is studied 
in detail. Physically such a process has a high probability. Howsever, as was mentioned 
above, this process is not realized within the framework of the standard model of the 
spectrum. In the case of the Abrikosov-Cohen model the process considered takes 
place at arbitrary orientation of the polarization vectors of incident eo and scattered e, 
radiations with respect to the film surface. The conventional geometry of the ERS 
experiments is eolle, 1 z .  Therefore only the results of calculation for such a geometry 
are reported in the present paper. Calculations were made on the basis of (3.1) and 
(2.17). The parameters of the Abrikosov-Cohen model were taken from [ l l ]  (at the 
liquid-helium temperature, Eg = 13.6 meV, V,  = 0.91 x 108cm s-I, my = 1.2m0, V,  = 
0.56 X lo8 cm s-l and my,”; = 2). 

The graphs of the frequency dependence of the DCS have the least complicated form 
inBifilmswithd < 80 nm.Thisisbecauseinsuchfilms,at theliquid-heliumtemperature, 
only one subband is filled (the thickness dependence of the Fermi energy EF was 
calculated within the framework of the Abrikosov-Cohen model in [12]). Therefore, 
only n, = 1 can be an initial state of the electron system in the ERS process. The results 
of calculation of the frequency dependence of DCS in a Bi film 70 nm thick at T = 4.2 K 
are given in figures 5-7. As one can see in these figures, the ERS spectrum consists of a 
number of lines which do not overlap each other. The width of spectral line is governed 
by the condition 

E,,,= EF < E*&. (4.1) 
The first spectral line (1.47 X lo1) s-I< o < 2.40 x lOI3 s-l) corresponds to transitions 
from the initial state nc = 1 to the final state nl = 2. The second spectral line 
(3.39 x l O I 3  s - I <  o < 4.88 X 10’) s-’)correspondsto thetransitionsbetween thestates 
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Y ltO"1'1 w I lO"i '1  

Ffgure 5. Plot of lhe ERS DC5 as a function of the 
frequencyshift a ata temperature 014.2 K for the 
carewhen a Bi film 70 nm thick isilluminated with 
radiation of wavelength 16.3pm. 

Figure 6. Plot of the ERS DCS as a function of the 
frequencyshift watatemperatureof4.2Kforthe 
case when aBi film 70 nm thick is illuminated with 
radiation ofwavelength 14.0pm. 

: 10' 

I ' I ,  I Figure 7. Plot of the ERS DCS as a function of the 
frequencyshiftaata temperatureof4.2 Kforthe 

0 2 L 6 B casewhen aBi film70 nmthickbilluminatedwith 
radiationofwavelength 12.1 pm. Y 110" $9 

n, = 1 and ni = 3. The third spectral line (5.80 X lox3 s-' < w < 7.37 X 10" s-I) cor- 
responds to transitions between n, = 1 and n: = 4. 

Plots of the frequency dependence of DCS in films with d > 80 nm are not given in 
the present paper. We note that in these films the ERS spectra have a rather complicated 
form. Thus the ERS spectrum of a Bi film 100 nm thick at T = 4.2 K (two subbdnds are 
filled) in the frequencyregion o < 1.86 X IO"s-'consistsoftwo lineswith Anc = 1: the 
first line (0.77 x s-l < w < 1.30 x lot3 s-') corresponds to the transitions from the 
initial state n,= 1 to the final state ni = 2 and the second line (1.34 x lot3 
s- '  < w < 1.72 x s-l)  corresponds to the transitionsbetween the initial n, = 2 and 
final n: = 3 states. In the frequency region w > 1.86 X IO"s-', spectral lines with 
Anc > 1 overlap and create a continuous spectral band. 

The resonances appear (or disappear) in the ERS spectra with a variation in frequency 
of the incident radiation. A resonance appears when the distance between the initial 
and intermediate states is equal to the energy of the scattered photon (the denominator 
of (3.2) goes to zero). In the case when Anc = 2N the number of intermediate states is 
not restricted. The resonance condition has the form 

h ~ o / E ,  = y +  [Uz + ( d V , / E , d ) Z ( n ~  - n:')] 'P 

y = (hw/2Eg)[1 + (nV,/wd)'(n:' - n;)] .  

(4.2) 
where 

(4.3) 
In the case when Anc = 2N + 1 the number n: of intermediate states must coincide with 
the number n, of initial states or the number nE of final states. Therefore the general 
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condition (4.2) takes the form 
hwo = 2yE,  n: = n :  

wow = (av,/d)z(n:’ - n:) n: = n,. 
(4.4) 

One of the resonances (4.4) or both of them simultaneously can be observed in the 
spectral lines depending on ww As one can see in figures 5 and 6 the spectral line Anc = 
1 (1.47 x lot3 s-I < w < 2.40 x lot3 s - I )  has two resonances at A. = 16.3 pm (Ao is the 
wavelength of the incident radiation) and has one resonance at A. = 14.0 pm. The 
parametersof the energyspectrumof theelectronscan bedetermined from thepositions 
of the resonance peaks. 

In conclusion we note that in a recent paper [13] the ERS process in size-quantized 
narrow-gap semiconductor films was investigated taking into account the mixing 
between the conduction and valence band states. The boundary condition in the form 
(2.10) was used. It was shown that the intraband ERS process with the intermediate 
state in the valence band is realized for An, = 2N + 1 under certain conditions on the 
orientation of e, and e, with respect to the film surface. 

Appendix 
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We note that the Bloch amplitudes and the matrix elements of velocity are defined as 

A T Gadzhiev et a1 

v l ( r l =  Iv l )  d r )  = lv2) d r )  = IcU p d r )  = Ic2) 

t=  (vllulcl) = (c21ulv2) U = (vllulc2) = - (cllulv2) 
ot=-t* o t * = - t  (j,=-,* & = - u  Q = - r  I j p = p  

As one can see from (A3). p I and pz (as well as p3 and qI) have different spins. At 
the same time pI(qz) and p 3 ( p 4 )  have contrary parities. If the film surface intersects 
the centre of the elementary cell, the Bloch amplitudes fixed on the surface have the 
following values: p1(p2) = 0 and p3(p1) # 0 (or vice versa). In the case when the film 
surface does not intersect the centre of elementary cell, all pj(p, 20) have the same 
average value. On the other hand we can neglect the coordinate dependence of the 
Bloch amplitudes because the film thickness is much larger than the elementary cell 
sizes. In both cases the transformational properties of the Bloch amplitudes are taken 
into account in the calculation of the matrix elements of optical transitions. 
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